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Wilson loop and dimensional reduction in noncommutative gauge theories

Sunggeun Lee* and Sang-Jin Sin†

Department of Physics, Hanyang University, Seoul, Korea
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Using the anti–de Sitter~AdS! conformal field theory correspondence we study the UV behavior of Wilson
loops in various noncommutative gauge theories. We get an area law in most cases and try to identify its origin.
In the D3 case, we may identify the the origin as the D1 dominance over the D3: as we go to the boundary of
AdS space, the effect of the flux of the D3 charge is highly suppressed, while the flux due to the D1 charge is
enhanced. So near the boundary the theory is more like a theory on a D1-brane than that on a D3-brane. This
phenomena is closely related to dimensional reduction due to the strong magnetic field in the charged particle
in the magnetic field. The linear potential is not due to the confinement by IR effect but is the analogue of
Coulomb’s potential in 111 dimensions.
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I. INTRODUCTION

Recently, Maldacena@1# ~see Refs.@2,3# for a review!
conjectured that string theory on anti–de Sitter~AdS! space-
time is dual to SU(N) super Yang-Mills ~SYM! theory,
named AdS conformal field theory~CFT! correspondence. I
we turn on a Neveu-Schwarz~NS! B field on theN folding
D-brane world volume, the low energy effective theory
equivalent to a noncommutative U(N) super Yang-Mills
~NCSYM! theory @4–10#. The corresponding dual gravit
solution with a nonvanishingB field was constructed in Ref
@11# as a bound state of branes.

A Wilson loop can be calculated by the minimal ar
whose boundary is the given Wilson loop@12#. In the non-
vanishingB-field background, it is observed that the strin
tilts from its usual direction~orthogonal to the boundary o
AdS! by a certain angle so that the length of the string alo
the boundary is infinite@13#. Wilson loop that goes deep int
the near horizon~IR! was found to give a Coulombic poten
tial. In Ref. @14#, it was observed that for a string movin
with special velocity, the tilting angle is zero and the effe
of the noncommutativity is merely renormalizing the Co
lomb potential. So far, however, it is not clear why o
should calculate the Wilson loop behavior at a fine tun
velocity. The unusual feature of the Wilson loops in the pr
ence of theB field are associated with nonlocality of th
boundary gauge theory and the lack of the gauge invaria
of the Wilson loop@15–17#. The super gravity solution is no
asymptotically AdS5 space: the noncommutative directio
shrink near the boundary. So there are some skeptic
whether one can extract any physics out of the Wilson lo
in noncommutative gauge theory.

In the recent paper of Dhar and Kitazawa@18#, it is no-
ticed that if we place the boundary at the finite positionu
5L, we can find a branch that gives the Coulomb poten
and the situation looks as a small deformation of the co
mutative case. The price for having such branch is that
string configuration is not uniquely determined for a giv
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length of Wilson line unless one put the probe brane at
noncommutative scaleu;1/a. If we put the probe brane a
1/a, we are cutting out all the ‘‘noncommutative region
~strongB-field region! in the bulk. Therefore it is not surpris
ing that they get the Coulomb’s law for large Wilson lin
Small Wilson line, whose Nambu-Goto string stays near
boundary, can ‘‘feel’’ the effect of theB field. In this case
they find the area law. So they got the transition from Co
lomb to area law as the size of the wilson line changes fr
large to small. Although interesting, the physics of the a
law is not clear at all in this approach, especially beca
they cut out the all the strongB-field region.

In this paper, we try to identify the mechanism of the ar
law. If the area law is a character of the the noncommuta
ity, we can expect that we should get it for any Wilson lin
which stay in the largeB field region. So we do not put the
boundary at the finiteu. We put it at infinity as usual. As a
consequence, the Coulomb branch, is not available to us
will probe the noncommutative regime where the minimu
point of the stringu0 is larger than the noncommutatve sca
1/a so that entire Nambu-Goto string of the Wilson line is
the strongB-field region. We will find that the Wilson line
follows universal area law. This is contrasted with the case
commutative case, where temporal loop gives Coulom
law while spatial loop gives an area law@1,3,19–21#. In the
presenceB field case, we will show that we get area law f
both case.

In the D3 case, we may identify the the origin as the D
dominance@22,23# over the D3: as we go to the boundary
the AdS space, the effect of the flux of the D3 charge
highly suppressed, while the flux due to the D1 charge
enhanced. So near the boundary, the theory is more simila
a theory on a D1-brane than that on a D3-brane. This p
nomena is closely related to the dimensional reduction du
the strong magnetic field in the charged particle in the m
netic field. Then, the linear potential is not due to the co
finement by IR effect but is the ‘‘analogue’’ of Coulomb
potential in 111 dimensions.

This paper is organized as follows. In Sec. II, we revie
the gravity dual of noncommutative gauge theory and
scaling symmetries. In Sec. III, we calculate the Wilson lo
in the UV regime for various cases including finite tempe
©2001 The American Physical Society02-1
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tures, spatial as well as temporal loops, D-instanton ba
ground and other Dp-brane cases. We get an area law alm
universally if time is not noncommutative. In Sec. IV, w
give a physical interpretation for the area law
(311)-dimensional noncommutative gauge theories as
dominance and dimensional reduction due to the magn
field. We summarize and conclude in Sec. V.

II. GRAVITY DUAL OF THE NONCOMMUTATIVE
GAUGE THEORY AND ITS SCALING SYMMETRY

Let us first consider the zero temperature case of a
brane with constantB field parallel to the brane. Its low
energy effective world-volume theory is described by no
commutative Yang-Mills theory. The gravity dual solution
string frame is given in Refs.@11,13,24#. Its solution is
bound state solution of D3 and D1-branes and is given b

dss
25 f 21/2@2dx0

21dx1
21h~dx2

21dx3
3!#

1 f 1/2~dr21r 2dV5
2!,

f 511
a82R4

r 4
, h215sin2 u f 211cos2 u,

B235
sinu

cosu
f 21h,

e2f5g2h,

F01r5
1

g
sinu] r f

21, F0123r5
1

g
cosuh] r f

21. ~2.1!

The above solution is asymptotically flat forr→` and they
have a horizon atr 50. In region nearr 50 the solution has
a form AdS53S5. In order to obtain noncommutative fiel
theory we should take theB field to infinity. In the decou-
pling limit a8→0 with finite fixed variables

u5
r

a8R2 , b̃5a8 tanu, x̃2,35
b̃

a8
x2,3, ĝ5

b̃

a8
g,

~2.2!

and the metric becomes

ds25a8R2Fu2$2dx0
21dx1

21ĥ~dx̃2
21dx̃3

2!%

1
du2

u2
1dV5

2G , ~2.3!

ĥ5
1

a1a4u4 , a25b̃R2,

B̃235B`

a4u4

11a4u4 , B`5
a8

b̃
5a8

R2

a2 ,
08600
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3-

-

e2f5ĝ2ĥ,

A015a8
b̃

ĝ
u4R4,

F̃0123u5a82
ĥ

ĝ
]u~u4R4!,

where ĝ is the value of the string coupling in the IR an
R454pĝN. This is the gravity dual solution to NCSYM. Fo
small u which corresponds to IR regime of gauge theory t
metric reduces to ordinary AdS53S5. This is consistent with
the expectation that the noncommutative Yang-Mills theo
reduces to ordinary Yang-Mills theory at long distances~IR!.
The solution starts deviating from the AdS space atu;1/a,

i.e., at a distance scale;RAb̃. For largeR4 where super-
gravity limit is valid, this is greater than the naively expect

distance scale ofL;Ab̃. So the effects of noncommutativit
is visible at longer distances than naively expected. The m
ric has a boundary atu5`. As we approach to the boundar
the physical scale of the 2,3 direction shrinks. In this reg
it seems that only the D1-brane is relevent. The noncomm
tative nature arise from the fact that the position of D1 in D
is not fixed but widely fluctuating.

We now discuss the symmetry property of the metric.
the absence ofB field, the metric is that of the well known
AdS53S5:

ds25a8R2Fu2~2dx0
21dx1

21dx2
21dx3

21dx3
2!

1
du2

u2 1dV5
2G . ~2.4!

This metric has a rescaling symmetry at the boundary

xm→lxm ~m50,1,2,3! and u→ u

l
. ~2.5!

This symmetry is associated with the UV/IR: large inx cor-
responds to the small inu. In the presence ofB field, how-
ever, the metric near the boundary has the form

ds25a8R2Fu2~2dx0
21dx1

2!1
1

u2~dx2
21dx3

2!

1
du2

u2 1dV5
2G . ~2.6!

At the boundary the noncommutative directions shrink a
the metric effectively becomes that of AdS3. This has the
scaling symmetry at the boundary

x0,1→ 1

l
x0,1, x2,3→lx2,3, and u→lu, ~2.7!
2-2
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WILSON LOOP AND DIMENSIONAL REDUCTION IN . . . PHYSICAL REVIEW D64 086002
which is slightly different from that of the zeroB field case.
Therefore the coordinate distanceL along the noncommuta
tive direction near the boundaryu5U corresponds to the
physical lengthx2,3/aU @18#.

III. WILSON LOOPS IN VARIOUS CASES

In this section we consider temporal Wilson loop at fin
temperature in noncommutative gauge theory. The gra
dual is a nonextremal blackhole background withB depen-
dence@13#. The metric is given by

ds25a8R2Fu2H 2S 12
uh

4

u4D dx0
21dx1

21ĥ~dx2
21dx3

2!J
1

du2

u2~12uh
4/u4!

1dV5
2G . ~3.1!

Here tildes are omitted for convenience. String theory on
background should provide a dual description of noncomm
tative Yang-Mill theory at finite temperature. For smallu, the
metric is reduced to that of the AdS-Schwarzschild bla
hole. Letu0 be the smallest possible value ofu on the Wilson
loop in the bulk. This gravity dual solution can be trust
when the following conditions are satisfied: Small stri
coupling

ef5
ĝ

A11a4 u0
4

!1, ~3.2!

small curvature

ĝY M
2 N5ĝN@1. ~3.3!

We know from the above gravity solution, thatau0;1 is a
transition region from AdS5 black hole region to dimension
ally reduced AdS3 region. Letu0 be the minimal value avail-
able to the string configuration. The noncommutative eff
is relevant toau0@1 ~UV! region. Since it is expected to ge
Coulomb’s law forau0!1 ~IR! where the noncommutaiv
effect is invisible, it is expected to get something else for
quark-antiquark potential, similar to an area law. We w
show indeed this is so by calculating the Wilson loops
various cases and also we will find necessary condition
this to happen. There is agreement that IR behavior is C
lombic @13,14,18#, while there are different opinions for th
UV behavior. Therefore our interest will be forau0@1 ~UV!
where the noncommutative effect is manifest in the me
behavior (a;b̃).

A. Wilson loops in noncommuative gauge theory
at finite temperature

Temporal loop.Now consider classical string world-she
action, Nambu-Goto action, which is given by

S5
1

2pa8
E dsdtAdet~hab!, ~3.4!
08600
ty
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-
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wherehab5GMN]aXM]bXN. We choose static gauge ast
5x0 , s5x2 , u5u(s). Then on the background of Eq
~3.1!, we have

htt5a8R2u2S 12
uh

4

u4D ,

hts5hst50,

hss5a8R2u2ĥ1a8u22S 12
uh

4

u4D 21

~]su!2. ~3.5!

So the Nambu-Goto action can be written as

S5
R2

2p
TE dx2Aĥ~u42uh

4!1~]x2
u!2. ~3.6!

The action does not explicitly depend onx2 so it gives

ĥ~u42uh
4!

Aĥ~u42uh
4!1~]x2

u!2
5c. ~3.7!

At u5u0, where it is the closest point to the horizon,]x2
u

50 andĥ→ĥ0. Then we can determinec

c25ĥ0~u0
42uh

4!. ~3.8!

This allows us to writex2 as a function ofu

x25A u0
42uh

4

11a4uh
4E du

11a4u4

A~u42u0
4!~u42uh

4!
. ~3.9!

For largeu,

x2;a4A u0
42uh

4

11a4uh
4
u5ku, ~3.10!

wherek can be interpreted as a slope for largeu. This implies
that we cannot fix the position of the string at infinity sin
x2 grows linearly withu ~see Fig. 1!. This dependence ofu is
associated to nonlocality@25# of noncommutative theory. In
the IR region we get the Coulombic potential by simil

FIG. 1. QQ̄ separationL grows indefinitely sincex35ku as we
approaches to the boundary.
2-3
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calculation of Ref.@14#. However, we will soon see that i
the UV region (au0@1) we get different one.

L andu0 are related by

L

2
5x2~u→`!

5
A 12

uh
4

u0
4

11a4uh
4

1

u0
E

1

`

dy
11a4u0

4y4

A~y421!S y42
uh

4

u0
4D

,

~3.11!

wherey5u/u0. The energy of this configuration is given b

E5
R2

p
A11a4u0

4

11a4uh
4u0E

1

`

dyAy42uh
4/u0

4

y421
. ~3.12!

For uha<u0a!1, it is known that we get the screened Co
lomb potential@19,12#.

We are currently interested in the UV regime (au0@1)
where the noncommutative effect is crucial. When we c
sider au0@1 case~equivalentlyuh /u0→0), L and E are,
respectively, given by

L

2
;

1

u0
Fa4u0

4E
1

`

dy
y2

Ay421
G and

E;
R2

p
a2u0

2
•u0E

1

`

dy
y2

Ay421
. ~3.13!

Then the relation betweenE andL can be written as

E5
R2

pa2 L. ~3.14!

Both separation length and energy are infinite and there i
canonical way to renormalize the separation length. If
what we want is theE-L relation, the only reasonable way t
regularize both quantity is to put a cutoff inu. The question
is whether we can give a physical interpretation to this.
will try this in Sec. IV. For the moment, we just calculate th
Wilson loops for various other situations.

B. Spatial loop

Spatial Wilson loops in high temperature are interest
since they can be considered as ordinary Wilson loops
Euclidean field theory in one less dimension.

1. In three dimensions

Let us start with the Euclidean nonextremal D3-bra
metric with B23 fields. The metric has the same form
before
08600
-

-
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g
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e

ds25a8R2Fu2H S 12
uh

4

u4DdtE
21dx1

21ĥ~dx2
21dx3

2!J
1

du2

u2~12uh
4/u4!

1dV5
2G . ~3.15!

Compactify this four-dimensional theory onS1 of tE by pe-
riodically identify its period with the inverse Hawking tem
perature proportional touh and take the high-temperatur
limit so that the radius becomes zero. The resulting effec
theory is then interpreted as Euclideanized three-dimensi
noncommutative field theory. The circle compactificati
breaks both supersymmetry and conformal symmetry. A
compactifyingtE , the resulting three-dimensional theory
described by coordinatesx1 , x2, and x3. Among them, for
instance,x1 can be considered as a Euclideanized time a
x2 ,x3 as spatial coordinates. For the spatial loop, the str
configuration we use ist5x1 , s5x2, and u5u(s). Then
the Nambu-Goto action becomes

S5
TR2

2p E dx2Au4ĥ1~12uh
4/u4!21~]x2

u!2, ~3.16!

whereĥ51/(11a4u4). Then it is easy to show that the sep
ration length

L5
2

u0
E

1

`

dy
11a4u0

4y4

A~y421!~y42uh
4/u0

4!
. ~3.17!

and energy

E5
R2u0A11a4u0

4

2p
E

1

`

dy
y4

A~y421!~y42uh
4/u0

4!
.

~3.18!

From these, the relation betweenE andL when the noncom-
mutative parameterau0 is

E;
R2

2pa2 L. ~3.19!

In the case ofB50, the spatial loop is gives an area la
while the temporal loops are not. Here (BÞ0), both give the
area law when the noncommutative parameter is large.

2. Four-dimensional case

Here we start with nonextremal D4-brane. The met
with B fields @13# is given by

ds25 f 21/2@dx0
21dx1

21h~dx2
21dx3

2!1dx4
2#

1 f 1/2~dr21r 2dV4
2!, ~3.20!

where
2-4
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f 511
a83/2R3

r 3
, h215 f 21 sin2 u1cos2 u,

B235 f 21h tanu,

e2f5g2f 21/2h. ~3.21!

The decoupling limit exists and is given by

r 5a8R2u, a8→0,

tanu5
b̃

a8
, xi5

a8

b̃
x̃i , a35b̃2a821/2R3,

B̃235
a8

b̃

a3u3

11a3u3 . ~3.22!

For the nonextremal case the metric is simply written as

ds25a8R2F ~a81/4R1/2u1/2!21u2H S 12
uh

3

u3Ddt21dx1
2

1ĥ~dx2
21dx3

2!1dx4
2J 1~a81/4R1/2u1/2!

3S du2

u2~12uh
3/u3!

1dV4
2D G , ~3.23!

where ĥ51/(11a3u3) and tildes are ommited for conve
nience. For static string configurationt5x1 , s5x2 , u
5u(s), the Nambu-Goto action can be written as

S5
TR2

2p E dx2Aa821/2R21u3ĥ1~12uh
3/u3!21~]x2

u!2.

~3.24!

The first integral is

a81/2R21u3ĥ

Aa821/2R21u3ĥ1~12uh
3/u3!21~]x2

u!2
5c, ~3.25!

wherec25a821/2R21u0
3ĥ0. After some calculation, the sepa

ration length

L5
2u0

21/2

Aa821/2R21
E

1

`

dy
11a3u0

3y3

A~y321!~y32uh
3/u0

3!
~3.26!

and the energy

E5
R2u0A11a3u0

3

p
E

1

`

dy
y3

A~y321!~y32uh
3/u0

3!
.

~3.27!

For the UV regimeau0@1, we again get an area law:
08600
E5S R3

a81/2
p2a3

D 1/2

L. ~3.28!

C. Wilson loop in the D-instanton background

In this section we consider one more example: qua
antiquark potential in D-instanton background with const
B field. The gravity dual solution forB50 was considered in
Ref. @26#. It is easy to turn onB field for this background.
First rotate the D-instanton background and thenT dualize it.
Then the resulting metric@27# is given by

ds25H1/2@ f 21/2$dt21dx1
21h~dx2

21dx3
2!%

1 f 1/2~dr21r 2dV5
2!#, ~3.29!

where

f 511
a82

r 4
, H511

qa84R4

r 4
,

e2f5g2hH, B235 f 21hH tanu,

h5
1

H f 21 sin2 u1cos3 u
. ~3.30!

This D-instanton is smeared over the D3-brane world v
ume. This solution isT dual to D41D0 or D51D1 ~with B
field! brane configuration. In the decoupling limit

r 5a8R2u, a8→0,

tanu5
b̃

a8
, f→~a82R4u4!21,

H→11
q

R4u4 , a25b̃R2,

h→ b̃2

a82~11Ha4u4!
,

B23→H
a4u4

~11Ha4u4!
,

x0,15 x̃0,1, x2,35
a8

b̃
x̃2,3. ~3.31!

So the metric becomes

ds25a8R2S 11
q

R4u4D 1/2Fu2$dx̃0
21dx̃1

21ĥ~dx̃2
21dx̃3

2!%

1S du2

u2 1dV5
2D G , ~3.32!

whereĥ51/(11Ha4u4) andH511q/R4u4. The metric be-
comes flatR10 as u→0 while it deviates from flat asu be-
2-5
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come large. WhenB field is zero, this metric solution de
scribes wormhole solution which connects flat space (R10) in
u→0 with AdS53S5 in u→`.

For the static string configuration,t5x0 , s5x2, and u
5u(s), the Nambu-Goto action can be written as

S5
R2T

2p E dx2AH$u4ĥ1~]x2
u!2%, ~3.33!

which gives the following first integral:

AHu4ĥ

Au4ĥ1~]x2
u!2

5c, ~3.34!

wherec25H0u0
4ĥ0 . L andE are given by

L

2
5

A~11q/R4u0
4!

u0
E

1

`

dy
~11a4y4u0

41qa4/R4!

y2Ay421
,

E5
R2

p
A11a4u0

41qa4/R4u0E
1

`

dy
~y21q/R4y2u0

4!

Ay421
.

~3.35!

Here our interest lies in the region whereau0@1 and u0
@uh ,

L;a4u0
3E

1

`

dy
y2

Ay421
, and E

;
a2R2u0

3

p E
1

`

dy
y2

Ay421
, ~3.36!

which after elimination ofu0 gives

E5
R2

pa2 L. ~3.37!

One should notice that in UV region,u.u0.1/a, the
D-instanton effect is negligible and the noncommutativ
effect is dominant. The fact that the D-instanton charge
proportional toa84 is crucial to neglect the D-instanton e
fect in the UV region.

For B50, it is known@26# that the largeL correspond to
(u0→0) and it leads to an area law. To compare this a
above case let us look at some details. In this caseL andE is
given by
08600
is

d

L

2
5A11

q

Ru0
4

1

u0
E

1

`

dy
1

y2Ay421

5
2A2p3/2

GS 1

4
D 2 A11

q

R4u0
4

1

u0
,

E5
R2

p F E
1

`

dyS y2

Ay421
21D 21G

1
R2

p

1

u0
3E

1

`

dy
1

y2Ay421

52
2R2u0Ap

G~ 1
4 !2

1
A2R2Ap

G~q/4!2u0
3 . ~3.38!

As u0→0, L→`, we have

E5
R4

2pAq
L. ~3.39!

Although Eqs.~3.37! and~3.39! gives similar results the de
tails are very different.B50 case is the IR result (u0!1)
and is a consequence of dynamics, whileBÞ0 case is the
UV result and kinematical.

General Dp brane cases

In order to study more general case, we look at the Wils
loop in higher dimensional noncommutative Yang-Mill the
ries. The dual gravity metric is given by@13#

ds25Hp
21/2@h0~2dx0

21dx1
2!1h1~dx2

21dx3
2!1•••#

1Hp
1/2@du21u2dV5

2# ~3.40!

with Hp;1/u72p andhi51/(aiu)4. We again, do not need to
consider the black holes since we are interested in la
au0@1 case. The general string action is

S;TE dxAh0@H21h1~]xu!2#. ~3.41!

Here we assumed that the string is alongx direction which is
one of the noncommutative planes. We immediately see
as u→`, H21h→const, resulting in the linear potential
and only ifh05const, namely, of noB01 field is applied. This
can be easily verified if we observe that whenh0 is constant
the action~3.41! leads to the first integral

~]xu!21 f ~12 f / f 0!50, ~3.42!

where f (u)5H21(u)h(u) and f 0 is the value off at u5u0.
The qualitative behavior of the solution can be read off fro
the particle moving with zero energy under the poten
f (12 f / f 0), see Fig. 2. The effect of D3-brane charge@F5
flux H(u)# is to pull out the particle to the boundary of AdS
2-6
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while that of NS-NS charge@B23 field h(u)# is to pull in the
particle into the horizon. In terms of boundary variable, t
former expands thexm along the brane directions, while th
latter shrink thex2,x3 plane. The essence of the phenome
is the exact cancellation of two effect in the asymptotic
gion. Since bothH andh are based on the harmonic pow
u2(72p) of the transverse dimensions, this is unavoidable
the region where those terms are dominant. The net effe
such that the particle has a constant speed, or the Wilson
has a constant slope.

IV. D1 DOMINANCE AND DIMENSIONAL REDUCTION

Now we want to figure out the origin of the linear beha
ior of the potential in more physical terms for the interes
D3 case. Consider the metric for the following class:

ds25a8R2Fu2h0~2dx0
21dx1

2!1u2h1~dx2
21dx3

21dx3
2!

1
du2

u2 1dV5
2G , ~4.1!

wherehi51/@11(aiu)4#. For largeau0@1 andu0@uh , we
do not need to care about the black hole effect. The nonc
mutativity effect (B field effect! is dominant. The string ac
tion is

S;TE dx2Ah0@u4h11~]xu!2#. ~4.2!

For the case we considered,h051 andh1;1/u4, so that the
action becomes

S;T/aE A11~du/dx!2, ~4.3!

after the scalingu→u/a andx→ax. Therefore the energy is
proportional to the line element of flat space. The shor
length is for the straight line. Therefore since the line is n
orthogonal to the boundary, the energy has to be proportio
to the linear length in thex direction. What happens if we

FIG. 2. The minimal surface problem is reduced to the mot
of a classical particle moving with 0 total energy in a potentialV
5 f (12 f / f 0). The potential peak is near the 1/a. In the plot, we set
a51, u053.
08600
a
-

n
is
op

d

-

st
t
al

turn on B01 also? In this case nontrivialh0 arise @13#. The
metric for largeu region is that of AdS53S5 @13#:

ds25a8R2F2dx0
21dx1

21dx2
21dx3

21du2

u2 1dV5
2G

~4.4!

which is the metric of AdS53S5 ~but in Poincare coordi-
nate!. So it is similar to the near horizon geometry of distri
uted D-instanton over the D3@13,26,28#. The boundaryu
5` is now at the AdS horizon. In fact one can show that t
critical path with the given boundary condition does not e
ist. From the calculational point of view, what is crucial fo
the area law is the absence ofh factor in thegtt . However
this means thatg11 is also free of theh factor. Therefore we
have to have one spatial direction along whichB field is not
applied to get the area law. According to the supergrav
solution ~2.1!, there is a D1 branes alongx1 direction. Fur-
thermore, near the boundary, the existence of the D3-bran
suppressed byh;1/u4 factor relative to the D1-branes:

F01r5
1

g
sinu] r f

21, F0123r5
1

g
cosuh] r f

21. ~4.5!

In near horizon limit,

F01u5a8
b̃

ĝ
]u~u4R4!,

F̃0123u5ĥ•
a82

ĝ
]u~u4R4!. ~4.6!

Another manifestation of the D1 dominance@22,23# near the
boundary is the metric itself. The near horizon limit of th
metric shows thatg22,g33 is suppressed by the same fact
h;1/u4 compared to theg11. In fact this suppression of the
noncommutative direction is the motivation to begin th
work. The noncommutativity inx2,x3 can be interpreted a
the fluctuation of the the location of the D1-brane alo
those directions. In fact this is origin of the fluctuation of th
end point of the Wilson line noted in Ref.@13#.

One may further understand the behavior of Wilson lo
by considering the open string as dipole@29,30# and taking
the analogy to the charged particle in magnetic field. In c
of charged particle, whenF23 is applied, the particle stay in
the lowest Landau level and only transversex1 direction is
available for the free motion. This is so called ‘‘dimension
reduction’’ due to the magnetic field. The particle moves
the effective 111 dimensions whose kinematic effect give
Coulomb’s law of linear potential. This is closely parallel
the fact in metric:g22 andg22 is highly suppressed relative t
gtt andg11.

V. SUMMARY AND DISCUSSION

In this paper, we study the UV behavior of the Wilso
loop in the noncommutative gauge theory. The Wilson lo
calculation in AdS/CFT is reduced to the particle dynam
in a potential defined by the D3-brane charge and NS-NB

n

2-7
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field. In spite of the the lack of the gauge invariance of t
Wilson loops in non-commutative gauge theory, a physica
meaningful aspect of Wilson loop comes out. After calcul
ing various cases, we observed that the area law in the
region is universal if noB01 is applied and it is consequenc
of balance of two competing tendency: the effect ofF5 flux
@H(u)# is to pull out the particle to the boundary of AdS
while that of B23 @h(u)# is to pull in the particle into the
horizon.

In case of the D3-brane, the effect has striking similar
with so called dimensional reduction and ‘‘Magnetic cata
sis,’’ where the strong magnetic field projects the elect
states to its lowest Landau level so that the charged par
has reduced degrees of freedom: it is effectiv
(111)-dimensional system@31,32#. If the magnetic fieldF23
is turned on, thex2,x3 plane is effectively confining the elec
tron motion and the system undergoes dimensional red
tion, which in turn causes chiral symmetry breaking of
ow

Y

e-

ys

n-

,’’

n-

08600
e
y
-
V

-
n
le

c-

massless fermion system. Apparently, the similarity betw
the charged particle and open string in strong magnetic fi
is not complete, since the string is dipole rather than
charge. If the string aligned along thex1 direction transverse
to the non-commutative plane, it does not see the dim
sional reduction at all. However, the Wilson line we di
cussed is with zero velocity and the particle with zero velo
ity does not feel any magnetic field nor the dimension
reduction, either. So, the parallelism is stronger than
pected. So, it would be interesting to study whether magn
catalysis phenomena exist in the (311)-dimensional non-
commutative field theory.
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